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mvf
Q#m8fhR¸³¦ª
®mvf^rd¥xyMµp(x6pv^hRv2RuPfhm8u¥m;^rRp(x*mvfbfhR4x¦`hgmvc.mvl`hMPRR*gŁvR6c]¸pvdR6^tmv@`hMPRcPm_wPpvQ#R`bfhgjxQ#po`hfbg©»
Mi
x*mvQ#uPd_`bR6wµgc ± ;³¦ª®mvf­R6p8xyMµQ#R`bfhgjxQqpo`hfbg©»
M
¹R`ﬁd^w_R6cPmo`bRg`b^w_gjpoŁ8mvcpvQqpo`hfbg©»F]\
D
g`hM
R6gŁ8R*c]&podPR6^mvfyw_R*fbR6wEgcpocp8^hx*R*cw_gcPŁFm8fbwPR*fm8c`hMPRﬃw_gpvŁvm8cpo pvcw,pocmvfh`hMPm8cPmvfbQqpo@Qqp&`bfhg»Emv
x*mvfbfhR4^ru2mvc¥w_gcŁR*gŁvR6c]vR6x`hm8fb^]\
V

M = V.D.V T

°g`hM.fbR§R6fhR6cxR­`hm#R*»]ufhR4^h^hgm8c± 8³R`td^x*mvQ#uPd_`bRpQ#m_w_g¬R6w.w_gjpoŁ8mvcpvCQ#po`hfbg©»
D¯i
p8^§mvm&t^
D¯i = (
1
card(T (i))
∑
T∈T (i)
D
−1/2
T )
−2 ±+8³
LNMPR¬¥cpo¹cPm_wPpv«Q#R`bfhgjx­g^N`bM]d^NŁvgvR6c!]\
Mi = Vi.D¯i.V
T
i
±
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MPR6fhR
Vi
gj^C`bMPRlmvfh`hMmvŁvm8cpo¸Qqp&`bfhg»Umv]R6gŁ8R*c]vR4x¦`bmvfy^¥mv8`bMPRlm8fhgŁvgcpo&Qqpo`hfbg©»
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± 8³ªLNMPgj^uPfbm_xR6wPdPfhR­`bM;d¥^tfbR*uPjpvx*R6^`hMRﬁR*gŁvR*c]&podPR4^Nmo
Mi
]\`hMRxm8fhfbR6x`hR6w!R*gŁvR6c]¸pvdR6^NŁvgvR6c
]\µ± +8³`bMp&``bfhgR6^`bmM¥p¸vRﬁp¥R*`r`hR6ftR6^r`hgQqp&`bR­mv`bMPRpv^hu2R6x¦`fyp&`bgm#mo`hMPRﬁR6R6Q#R*c;`b^po`tcPm_w_R
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LNMR¤uPfhm8PR*Q mv­gc;`hR6fhu2mvjp&`bgcPŁE`bR*c^hmvfq¬¥R*jwP^qMp8^qfhR4xR6c8`b\fhR4xR*gvR4wpo`r`bR*c;`hgmvc gc `hMPRFpvfhR4pmv
gQqpoŁ8RuPfbm]x*R6^b^rgcPŁﬀ*
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,Iª 
R.w_R6^bxfbg¥Rgc`bMPR§m8m&gcPŁ¤`am^hR6x¦`bgm8c^6`amµw_g-'CR*fbR*c;`^r`hfyp&`bR*ŁvgR6^
`bmFw_R¬¥cPRp.cPm_wPpo@Q#R*`hfbgx¬R6w,x*mvQ#gcPŁﬃ§fhm8Q¨`hMg^ﬁfbR6^hR6pvfbxyMEpofbR6pª R`d¥^poŁ;pogcxm8c^hgw_R6f
T (i)
`bMPR¤^rR*`qmoWpvR6R6QR6c;`b^
T
MPgjxyM xmvc;`ypogcpcPm_w_R
i

i ∈ T
ª ﬁWcR6pvxyMR*R*Q#R*c;`
T
gj^qw_R*¬cPR6w
]\`hMPRﬃfbR6^hdP©`y^mvU^rR4x¦`hgmvc _ª ¤p¤dPcPgji;dPR!^h\]Q#QR*`hfbgx(u¥m;^rg`hgvR!w_R¬cg©`bR(`bR*c^hmvfﬃ±HZ]k ¡³
MT
ª 
R
pvfhRm]mv]gcŁ#§mvfUpqdcPgi;dPRQR*`hfbgx
Mi
`hMpo`UfbR*uPfbR6^hR*c;`b^Ngc.`hMR2R6^r`Uu¥m;^h^hgPRﬁNp¸\q`bMPg^W^rR*`Umoﬂ`bR*c_ 
^hmvfy^6ª
LNMPgj^NuPfbmvPR*Q x*poc!¥R^hmvvR4w(p8^pQ#gcPgQ#g/.6po`hgmvcﬃuPfhm8PR*Q uPfbm&]gw_R4wRﬁpofbR­pvPR­`bm#wPR¬cPR
pWxm8cxR6u_`
mvw_gj^a`ypocx*R2R`aR*R6c`hR6c^hmvfy^*ª®mvf`hMPgj^
RMp¸8R@`hm­fhR4x*pv]^rm8Q#Rw_R*¬cPg`hgmvc^ﬂpoc¥wﬁfhR4^rd©`y^*ª
®
gfb^r`6WR*`!d^ﬃxm8c^rgjw_R6f(`bMPRw_R*¬cPg`hgmvc moﬁ`hMRŁ8R*m_w_R6^hgjxFw_gj^a`ypocx*Rµ2R`aR*R*c `am^h\]Q#QR*`hfbgx
u2m8^hg`hgvRw_R*¬cPg`hR`bR*c^hmvfy^6ªﬃ·¢c`bMPR!^hR6i;dPR6H
RgwPR*cPmv`hR
Sym(n)
`bMPR!^hR`mvt^r\]Q#Q#R`hfbgjxqfhR4po
n
  Qqp&`bfhgjxR4^pvcw
Sym+∗ (n)
_`hMR^rR*`Nmv@Z_k ¡¯fbR6pv
n
  Qqp&`bfhgjxR4^0
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LNMR­gc]&pofbgpvc8`tw_gj^r`bpoc¥xR¥R*`aR6R*c
M, N ∈ Sym+∗ (n)
gj^tw_R*¬cPR4w(]\0
d(M, N) = dist(Id, M−1/2NM−1/2) = N (M−1/2NM−1/2)
pvcw
N (M)) = tr(log(D)2).
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MR*fbR¡¯g^`bMPRﬁR*gŁvR6c;&pvdPRQqp&`bfhg»!p8^h^hm_xgjp&`hR4wq`bm
M
ª
ÄUcPmo`bMPR*fNp¸\(`bmﬃw_R*`hR6fhQ#gcPR`bMPRgc]&pofbgpvc8`w_gj^a`ypocx*Rgj^U`bMPfbmvdPŁ8M.`hMPR#sgR*QqpocPcgpvcµQ#R`bfhgjxm8c
`bMPR^hupvx*R­mvﬂZ]k¡z`hR6c^hmvfy^*ª
ﬃ½  ²Á	 
g
W1
pvcw
W2
pvfhRW`am`ypocPŁ8R*c;`vR6x`hm8fb^Np&`
M
_Rﬁw_R¬¥cPR`hMPR^bx*pvpvfNuPfhm_w_d¥x¦`tp&`
M
]\0
(W1, W2)M = (M
−1/2W1M
−1/2, M−1/2W2M
−1/2) = Tr(M−1/2W1M
−1W2M
−1/2)
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LNMRstgR6Q#pvcPcPgjpoc.R»_u2mvcPR6c;`hgjpo¹Qqpou.pv^b^rm_x*gpo`hR6w`hmpvc!gc]¸pvfhgjpoc;`NQ#R`hfbgjxg^w_R*¬cPR4w!]\0
expM (W ) = M
1/2exp(M−1/2WM−1/2)M1/2
`bMPgj^tw_g-'2R6mvQ#mvfbuPMPgj^rQ'g^NŁ8m8poIPpocw!Rx6pocﬃdPcPgji;dPR*\!w_R*¬cPR`bMPRﬁgc]8R*fy^rR­QqpouPuPgcPŁ#]\0
logM (W ) = M
1/2log(M−1/2WM−1/2)M1/2
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gc(pouPu2R*c¥w_g©»­;RUwPR6^bxfbg2RUgc(w_R*`bpogj^@`hMRUuPfbmvu2R*fh`hgR6^ mosgR*QqpoccPgpvc(^hupvx*Rtmo«^h\;Q 
Q#R*`hfbgx­u2m8^hg©`bg8RwPR¬cPg`hR`bR*c^hmvfy^pv^NR*«pv^`bMPRw_R*¬cPg`hgmvc^mv`bMPg^U^rR4x¦`hgmvcª
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°g`hMµ`hMPRuPfhR6]gm8d^r\.w_R¬cR6wFx*mvcx*R*u_`­mo@ŁvR6m]wPR6^hgxwPg^r`bpvcxR¥R*`aR6R*cZ]k¡ `bR*c^hmvfy^6Rx*pvc
wPR¬cPR­`bMPRcPm_wPpo¹Q#R`bfhgjx
Mi
pv^`hMR­gc;`hfbgc¥^rgjxUQ#R4pocﬃmo`bMPRﬁ^rR*`moQ#R`bfhgjx*^
{MT ; T ∈ T (i)}
*
 
|
,Iª

ERNfhR4x*pv;`hM¥p&`ﬂ`hMPRgc;`hfbgc¥^rgjx Q#R4pocmo2pWfypocw_m8Qz&pofbgpvPRgcpvcpvfhPg`hfypofb\Q#R`hfbgjx^hup8xRg^@w_R*¬cPR4w
gc#`hMRU^rR6c^hRtmo«®Pfbe6xyMR` pv^l`hMPRUu¥m8gc;`l`bMp&` Q#gcPgQg/.*R4^@`bMPRUR*»]u2R6x`hR4w#¸pvdRtmoC`hMRU^rdQ  mo´ ¢^bi8d¥pofbR6w
wPg^r`bpvcxR(§dPcx¦`bgm8c 0!Ãm8c^rgjw_R6fp^rR*`moWu¥m8gc;`
A = {x1, · · · , xn}
mvcpµsgR*QqpoccPgpvc^hupvx*R
E
ª
LNMR*c`bMPRgc;`bfhgc^hgxWQ#R6poc(mou2mvgc;`b^gc
A
g^Nw_R*¬cPR4w(pv^NpQ#gcPgQdQ mo«`bMPRW§dPcx¦`bgm8c
jA
]`hM¥p&`Ng^6
µ =
pofbŁvQ#gc
x∈EjA(x)
±
   
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MR*fbR
jA(x) =
1
2n
n∑
i=1
d(µ, xi)
2
pvcw
d
g^`hMPRŁvR6m_w_R6^hgxw_gj^r`bpoc¥xRmvc
E
ª
LNMPRuPfbmvu2R*fh`hgR6^mv`hMR­gc;`hfbgc¥^rgjxUQ#R4pocﬃMp¸vRW¥R6R*c.^a`bdw_gR6w!;\	ﬁpofyxyMPR*f*
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ﬃ,Iª Z_gcx*R­`hMPRQ#R6pvc
gj^NŁvgvR6c(]\q`bMPRﬁQ#gcPgQ#g-.4p&`bgm8c!uPfbmvR6QY±
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³¦PRQd^r`vR6fhg§\q`hM¥p&`U^hdxyM!pQ#gcgQdPQ'R*»]gj^r`b^poc¥w
gj^ﬂdPcPgji;dPRvª
ﬁpvfbxyMPR6f
^hMPm&t^
`bMp&`@§m8flpWQqpvcPg©§m8wg`hM#cPm8c_ Iu2m8^hg`hgvR^rR4x¦`bgm8cpo_xdfh&p&`bdPfbR`bMPRQ#R6pvc
gj^dPcPgji;dPR*\qw_R¬cR6w¹ª@·¢c(²pvx¦`4;`hMPRZ]k ¡z^hup8xRWwPm;R4^ M¥p¸vRUcmvc_  u¥m;^rg`hgvR­^rR4x¦`bgm8cpoCxdPfb&p&`bdPfhR8;pvcw¹
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`bM]d^*`hMRQ#R6poc,gj^ﬁdPcgi;dPR6\w_R¬¥cPR6w¹ª.·¢c *
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6,Np.Łvfypvw_gR*c;`w_R4^hx*R*c;`poŁvm8fhg`hMQ¶`hmµx*mvQ#uPd_`bRq`hMg^
Q#R4pocﬃg^Ł8g8R*c«ª@LNMPRŁ8fbp8w_gR6c;`Nmv
jA
gj^NŁvgvR6c!]\
∇jA(x) = −
1
n
∑
i=1,n
Logx(xi)
pvcw.`bM;d¥^U`bMPR#gc;`bfhgc^hgxQR4pocmop!^rR*`­mvl`hR6c^rm8fb^­x*pvcF2Rx*mvQ#uPd_`bR6w;\ﬃ`bMPR§m8m&gcPŁ(Ł8fbp8w_gR6c;`
wPR6^bxR*c;`tpoŁvm8fhg`hMQ 0
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·¢cPuPd_` 0
M1, · · · , Mn ∈ SPD
^hupvx*R
ﬁWd_`huPdP`ﬃ0
R ∈ SPD
^hupvx*Ro_`bMPRﬁgc;`bfhgc^hgx­Q#R6pvc
R0 = M1
¡Wm
Xi =
1
n
∑
k=1,n LogRi(Mk)
Ri+1 = ExpRi(Xi)
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ﬁWcRWmv«`hMPRw_gºxdP`hgR6^Ngc!w_R4pogcŁg`hM!QR*`hfbgx6^g^`hM¥p&``hMPgj^^ru¥pvxRWg^cPmv`NpvR4x¦`bmvfN^rup8xRU§mvf`hMPR
d¥^rdpv_Qqp&`hfbg»pocw#^bx*pvpvf
QdP`hguPgjx*po`hgmvc#mvu2R*fyp&`bgm8c^6ªLNMPRuPdfhu2m8^hRNmo2`hMPgj^l^hR6x¦`bgm8cgj^ﬂ`bMPRd^hRmo2p
cR*°²pvQg\moQqpo`hfbg©»m8u¥R6fbpo`hgmvc^mvc(`hMPRﬁ^hupvx*R
Sym+∗ (n)
`hMpo`Ng2Ł8g8RU`bm`bMPgj^^rup8xR­p8R6x¦`bmvf
^hup8xR ^r`hfbdx¦`bdPfbR *
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6, ªLNMPR4^rRmvu2R*fyp&`bgm8c^¹`bMp&`
ŁvR*cR*fypog-.6R@`hMPRd^hdpo;Qqp&`hfbg»ﬁpvcw^bx*pvpvf«QdP`hguPgx6p& 
`bgm8c^@pofbRNgc;`bR*fbR6^r`hgcPŁgc`hR6fhQ mo2`hMPR6gf@Qqpo`hMPR6Q#po`hgjx*^@ufhm8u¥R6fr`bgR4^@^rdxyM#pv^
`bMPRU^hgQ#gpvfhg`a\; Igc]&pofbgpvc8`4
gc]&pofbgpvc8`N]\Qd©`bguPgjx*p&`bgm8c«Pgc]vR*fy^hgm8c!poc¥w(]\!^bx*pvgcPŁgcﬃ`bMPRw_mvQqpvgcﬃmoﬂQqp&`hfbg»(m8Ł8pvfhg`hMPQq^6ª
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«R*`
M1, M2 ∈ Sym+∗ (n)
pocw
λ ∈ R
ªﬂpUmvŁ;pofbg©`bMPQ#gxuPfbm]wPdx¦`ﬂmo
M1, M2
g^@w_R*¬cPR4w
p8^§mvm&0
M1 M2 := exp(log(M1) + log(M2))
±
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v³
pvcwﬃpmvŁ;pofbg©`bMPQ#gx^bx*pvpvfQdP©`bgugjx*po`hgmvc
⊗
gj^tw_R*¬cPR6wﬃ]\0
λ⊗M1 := exp(λ.log(M1)) = M
λ
1
±
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(Sym+∗ ,)
g^pŁvfbmvdu«ªLNMPRcPR*d_`bfbpvvR6R6QR6c;`gj^¹`hMR d^hdpo8gwPR*c;`hg`a\Q#po`hfbg©»¹¸pocw
`bMPRŁ8fhm8dPu.gc]vR6fb^hRﬁmolpvcµZ]k ¡ Q#po`hfbg©»ﬃg^Ug©`y^Ugc]vR6fb^hRgc.`bMPRQqp&`bfhg»ﬃ^hR*c¥^rR8ªNVFmvfbR*m&vR6f6_MR*cPR6vR*f
`amZ]k ¡:Q#po`hfbgx*R6^lx*mvQ#QdP`hRNgc#`bMPRQqp&`bfhg»^hR*c^hRvo`hMPR6c#`hMPRtmvŁ;pofbg©`bMPQ#gxQd©`bguPgjx*p&`bgm8c#g^@R4i;dpo
`bm`hMPR6gftQqpo`hfbg©»(ufhm_w_dx`6ª@V¤m8fhR6m&vR*f48`hMPRﬁQdP©`bgugjx*po`hgmvc.g^x*mvQ#QdP`bp&`bg8Rvª
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exp : (Sym, +) :−→ (Sym+∗ ,)
±
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gj^ «gRﬁŁvfbmvdu(gj^rm8Qm8fhuMPg^hQ.ª
·¢cupofh`hgjxdPjpof4m8cPR  upvfbpvQR*`hR6fU^rdPŁvfbmvdPu¥^tmo
Sym+∗ (n)
pofbRmv_`ypogcPR6wF;\ﬃ`ypo]gcŁ`hMRQqp&`bfhg»
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Iterates
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of coarsening levels
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Initial mesh (fine mesh)
New mesh (coarsened mesh)
MTC
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nb  nodes dim  space nb  elements dim  element
x11 · x
1
dim  space
· · ·
· · ·
xi1 · x
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dim  space
· · ·
· · ·
x
nb  nodes
1 · x
nb  nodes
dim  space
e11 · · e
1
dim  element
· · · ·
· · · ·
ei1 · · e
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dim  element
· · · ·
· · · ·
e
nb  elements
1 · · e
nb  elements
dim  element
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dim  spacedim  space
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nb  nodes nb  elements nb  faces
x11 · x
1
dim  space
· · ·
· · ·
xi1 · x
i
dim  space
· · ·
· · ·
x
nb  nodes
1 · x
nb  nodes
dim  space
e11 · · e
1
dim  element
· · · ·
· · · ·
ei1 · · e
i
dim  element
· · · ·
· · · ·
e
nb  elements
1 · · e
nb  elements
dim  element
f11 · · f
1
dim  face
· · · ·
· · · ·
f i1 · · f
i
dim  face
· · · ·
· · · ·
f
nb  faces
1 · · f
nb  faces
dim  face
logic  fac1
·
·
logic  faci
·
·
logic  facnb  faces
MPR6fhR
nb  nodes
gj^ `hMPRWc;dQ2R*fmo«cPm_w_R4^*
nb  elements
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nb  nodes nb  elements nb  faces
x11 · x
1
dim  space
· · ·
· · ·
xi1 · x
i
dim  space
· · ·
· · ·
x
nb  nodes
1 · x
nb  nodes
dim  space
e11 · · e
1
dim  element
· · · ·
· · · ·
ei1 · · e
i
dim  element
· · · ·
· · · ·
e
nb  elements
1 · · e
nb  elements
dim  element
f11 · f
1
dim  face logic  fac
1
· · · ·
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i
dim  face logic  fac
i
· · · ·
· · · ·
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nb  faces
1 · f
nb  faces
dim  face logic  fac
nb  faces
MPR6fhR
nb  nodes
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nb  faces
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xij
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x*m]mvfyw_gc¥p&`hRﬁmvlg©`bMFcPm_w_R8
eij
gj^t`bMPRtn¢`bMµcPm_w_Rmvlg©`bMFR*R*Q#R6c8`4
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pvcw
logic  faci
gj^N`hMRﬁm8Łvgjx*poC2mvdPc¥wPpofb\mo`hMPRﬁg`hMﬃ²p8xR#ª

×

 
	ﬀﬁﬃﬂ !#"
~;}
 

YNﬀﬂ+!$&	+ ) ' ) ! tﬃ!* 	ﬀ
LNMRudPfhu2m8^hR#mo`hMPgj^pvuPu¥R6cw_g»gj^­`hm.²pvQggpvfhg/.*R`hMPRqfbR6p8w_R*fg`hM,^hmvQ#R#R6^b^rR6c8`bgpvlxm8cxR6u_`b^m8c
`bMPRWwPg 'CR*fbR*c;`hgjpo2QqpocPg§mvjwP^pocw`hMPR­sgR*QqpocPcgpvcŁvR6mvQ#R`bfh\gcﬃpocgc;`hdPg`hgvRWp¸\Pd_`Ngj^ cPmv`gccPm
x6pv^hRpﬁxmvQ#uPR`bRtxm8dPfb^hRNcPmvf fhgŁvm8fhm8d^
mvc`hMPRt^hdP_naR4x¦`4ªﬂ®mvfﬂ`bMp&`48·
fhR*`hdPfbc`hMPRUfhR4pvw_R6fﬂ`hm`hMRm8fh
mvCVµpoc_§fbR6w_mﬁkﬂR6fbw_gŁ8pvm­wPmÃpofbQm¥vsgR*QqpoccPgpvc $ R*mvQ#R*`hfb\ * o6, ª@®PR* xm8cxR6u_`b^lpv^hR6^ﬂMPgjxyMqg
2R(w_R4^hx*fhg2R6wgc,`hMPgj^pvuPu2R*cw_g»pofbRqR6^b^rR6c;`hgjpo@`bmFgc;`bfhm_w_dx*R(pFsgR*QqpvcPcPgjpoc§fypoQ#R*mvfb¤§mvf`hMPR
`bR*c^hmvfy^6ª

   

   ﬀﬂﬁ
·¢c;`bdPg©`bg8R*\v¹pqQqpocg©§m8w¤gj^­p	x*dPfbvR6w
^rup8xRmo
RN
ªÄU^Wg©`gj^Ww_gºxdP`U`bm(fbR*uPfbR6^hR*c;`Wp!xdPfbvR4w
^hup8xRgcp8wPw_g`hgmvc,`bm}Fw_gQ#R*c^hgmvc^6@mvdPfR»PpvQuR4^g¥RﬃgQ#g`hR6w`hmQ#pvcPg§mvjwP^mv
R3
ª®Pmvf
R*»PpoQ#uPRvPp#^ruMPR*fbRmvftp`hm8fhd^pvfhRQqpocg©§m8wP^Nmv
R3
m8fgc.ŁvR6cPR*fypoI_poc]\(^hdPfh²pvxR­gj^tpQ#pvcPg§mvjw!mv
R3
ªlLNMPRﬁ^rup8xRmo
`hMR`hR*c¥^rm8fb^
Sym+n
MPgjxyM.Rg«w_R4^hx*fhg2R`hMPR6fhR4p&´`hR6fg^pQqpocg©§m8wﬃmo
R6
ª
R`ﬁd^W`bpvvR`hMPR#R»PpvQuRmol`bMPRq^ruMPR*fbR
S2
ªLNMR^huPMPR6fhRg^p!QqpocPg§mvjwµmv
R3
ªÄ `bmvfbd^6Cp
i;dp8w_fbgxtpvfhRQqpvcPg©§m8w^ mv
R3
ª
· «m8cPRtm8^rR6fh8R6^lp^ruPMR*fbRv;mvcPRUx6pocpvuPuPfbm¸»]gQqp&`bRN`hMPR­xdPfb&p&`hdfhRtmv
g`b^­^hdPfr²p8xRﬁ]\¤p#`bpvcPŁvR6c;`UuPjpoc«ªt· `­g^UR»Ppvx`h\!M¥p&`Wd¥^UR`­d^tQqpo8RMPR6cµpqŁvR6mvŁ8fbpvuPMPgjx*po«xyM¥pofh`
gj^w_fyp¸c80
`hMPRx*dPfbvRmo`hMPRﬁŁ8fhm8dPcw!g^pvuPuPfbm8pvxyMR6w]\(puPjpocª
ﬃ½

²Á	


  ½

½


_ "
½

 1+IÁ
"²Â
·¢cP§mvfbQ#pv\v¥pw_g-'2R6fhR6c8`bgpvPRﬁQ#pvcPg§mvjw.g^Wp#`a\]u¥Rmv@Q#pvcPg§mvjw,±§MPgjxyM¤g^Ugc.`bdPfbcFp#;gcw¤mv`bmvu2mo 
mvŁ8gx6po@^hupvx*R4³U`hMpo`g^ﬁ^hgQgjpofﬁR*cmvdPŁ8Mµ`bm ) dxgwPR6poc,^hupvx*R`hm¤pom& mvcPR`hmFwPm.x6pojxdPd^6ª#· `g^
gQ#u¥m8fr`ypoc;`l`bmcPmo`bR`hM¥p&`wPg 'CR*fbR*c;`hgjpoRUx6pocqQ#R6pvc^rgŁvM;`h\wPg 'CR*fbR*c;`l`bMPgcŁ8^gcw_g-'CR*fbR*c;`x*mvc;`hR*»;`y^*
^hdxyMp8^x*mvc;`hgc]dPmvd^h\Ew_g-'CR*fbR*c;`hgjpoPRv@E`bgQ#R6^#w_g-'CR*fbR*c;`hgjpoPRv@m8fgc_¬cPg`hR6\wPg 'CR*fbR*c;`hgjpoRE±²poj^hm
]cPm&c.pv^^hQ#m]mo`hM2³¦ª
R`ﬁd^W`bpvvR#poŁ8pvgcmvdPf­R»PpvQuRmo`hMPRq^huPMPR*fbRvª®PmvfR4pvxyMµu2mvgc;`­mv `bMPg^QqpvcPg©§m8w«¹mvcPR#x*pvc
2RwPR¬cPR4^Up`bpocŁvR*c;`Uupvc«ªULNMPgj^t`ypocPŁ8R*c;`UuPjpocFx*mvc;`bpvgc¥^Upoc¤gc_¬cg©`a\.mo@`ypocPŁ8R*c;`U8R6x¦`bmvfy^N`hm(`hMPR
QqpvcPg©§m8w«ª 
°g©`bM!`bMPRﬁgd^r`hfyp&`hgmvcﬃmo
¬Ł8dPfhRv_PmvcR­g«dPcw_R6fb^r`bpvcw(`hMpo`tmvcPRﬁx*pvc¤pvwPw(`am#8R6x¦ 
`bmvfy^mo@p`ypocPŁ8R*c;`uPjpoc¤pocw(`hm#fbR*Qqpogcﬃgcﬃ`hMg^upvc«ª
·¢c!`hMPR^bpoQ#RWNp¸\v]m8cPR­x6pocQdP`hguP\!p8R6x¦`bmvf]\qmvcPR^hx6pojpofNpocw`hmfhR6Qqpogc(gc`hMR­upvc«ªﬁWc
`bMPR#mo`bMPR*fMpvcw¹«g`g^gQ#u¥m;^h^hgPR`hm¤p8wPwF`amﬃvR6x`hm8fb^Wmo`am.w_g-'2R6fhR6c8``ypocPŁ8R*c;`ﬁuPpvc^­¥R4x*pvd^rR
m8cPRm8dPjw(R6p¸8RWm8cPRmvfN`hMRﬁmo`hMR*fuPjpoc«ª
®
gcpo\vm8cPRx6pocF^hMPm&:`bMp&`­p#`bpvcPŁvR6c8`WuPpvc¤Mpv^Up^a`bfhd¥x¦`hdfhRﬁmvlvR6x`hm8ft^rup8xR8P`hM¥p&`Wm8cPRﬁg
¥R
x6poR4w`ypocPŁ8R*c;`t^ru¥pvxR
TxM
`hm#`hMRﬁQ#pvcPg§mvjw
M
p&`tpu¥m8gc;`
x
ª
ﬃ½

²Á	
«
 H½

 



B+ Á
"²Â
p­sgR*QqpoccPgpvcQqpocg©§m8wﬃ±²V, Ł;³±²g©`bM#stgR6Q#pvcPcPgjpocQR*`hfbgxŁ]³«gj^@pUfbR6pv_w_g 'CR*fbR*c;`bgpvPRQqpocPg§mvjwV
gc¤MPgjxyM.R6pvxyMﬃ`ypocPŁ8R*c;`U^ru¥pvxRﬁgj^tR4i;dPguu¥R4w.g©`bMFpoc.gccPR*fWuPfhm_w_d¥x¦`tŁqgcFp#Q#pvcPcPR6ftMPgjxyM¤¸pvfhgR6^
^hQ#m]mo`hM\§fbmvQ%u2mvgc;``bmu2mvgc;`6ª LNMPg^qpvm&t^mvcPR!`hm,w_R*¬cPR.&pofbgm8d^cmo`hgmvc¥^^hdxyM pv^#pocPŁ8R4^*
R*cŁo`hM¥^moUx*dPfbvR6^6ﬂpofbR6pv^q±²mvfvmvdPQ#R6^y³¦@x*dPfh&po`hdPfbRv
Łvfypvw_gR*c;`y^ﬁmo§dPc¥x¦`hgmvc¥^pvcw,w_gvR*fbŁvR6cxRqmv
×× Í
@BADC EDE
~8~
DD (-ﬂ	
x
v
w
u
t
γ
y
les plans tangents aux points x et y d e la sph e´re sont d iff e´rents : les v ec teurs
®
gŁvdPfbRoB0 LNMPR`bpvcPŁvR6c;`tuPpvc;`b^tpo`U^ruPMR*fbRﬁu¥m8gc;`b^
x
pocw
y
pvfhRwPg 'CR*fbR*c;`b^ﬃ0@`bMPRvR4x¦`bmvfy^
v
pocw
w
mv
TxM
x6poc¤cPmv`U2Rxm8Q#upofbR6wﬃg`hM
t
pocw
u
mo
TyM
ªtLNMPR6c.`hMPR^hx6pojpofuPfbm_w_dx¦`Wg^­w_R¬¥cPR6w.m8c
R4pvxyM!`bpvcPŁvR6c8`uPjpoc
8R6x`hmvfW¬R6wP^6ªﬁ·¢cEmo`hMR*f­m8fbwP^6¹p!stgR6Q#pvcPcPgjpocQ#pvcPg§mvjwFgj^­pﬃw_g-'2R6fhR6c;`hgjpoPRQqpocg©§m8wgcMPgjxyM
`bMPR`bpvcPŁvR6c;`^hup8xRﬁp&`R6p8xyM!u2mvgc;`g^tp¬cg©`bR ¢w_gQ#R6c^rgmvc¥po8&tg¥R6fr`U^hupvx*Rvª
ﬁWcR^hu2R6po_^`bMPR*c.moﬂsgR*QqpocPcgpvcﬃŁ8R*m8QR*`hfb\qMPR*c.m8cPRm8fh_^mvc!`hMPgj^N`a\]u2R­mv
QqpvcPg©§m8w^*ª
ﬃ½

²Á	
 
 H½

 



B+ Á
"²Â P 
½
*

( 
P
½
· 
γ : [a, b] → M
gj^(px*mvc;`hgc]dPmvd¥^r\w_g-'CR*fbR*c;`hgjpoPRµx*dPfh8R¤gc `hMPREsgR6QqpocPcPgjpoc°QqpvcPg©§m8w
M
±²R»PpoQ#uPRmo@xdPfbvR
γ(t)
mvc!`hMPR^huPMPR6fhR
S2
±´¬Ł8dPfhRvv³¦ª ³¦_`bMPR*c.Rw_R¬¥cPRg©`y^R6cPŁo`bM
L(γ)
;\
L(γ) =
∫ b
a
||γ′(t)||dt

°g`hMµ`hMPgj^­w_R¬cg©`bgm8cµmolR*cŁo`hM¥R6vR*fb\.xmvccPR6x`hR6wµsgR6QqpocPcPgjpocµQ#pvcPg§mvjw
M
¥R4xm8QR4^Up(QR*`hfbgx
^hup8xR.±²poc¥wR6vR6cEpﬃR*cPŁv`hMEQR*`hfbgx#^hupvx*R4³Wgcpﬃcpo`hdPfypo
²p8^rMPgmvc 0W`bMPRw_gj^a`ypocx*R
d(x, y)
2R`aR*R*c
`bMPRﬁu2mvgc8`y^
x
pocw
y
mv
M
g^w_R*¬cPR4wﬃp8^
d(x, y) = inf{L(γ) : γ
g^Upx*mvc;`hgc]dPmvd¥^r\w_g-'2R6fhR6c8`bgpvPRxdPfbvRnamvgcPgcPŁ
x
pocw
y}
) vR*c(`hMPm8dPŁvMﬃsgR*QqpocPcgpvc(QqpocPg§mvjwP^pofbRWd¥^rdpv\ x*dPfh8R6w ov`bMPR*fbR­g^N^r`hg¹pcPmo`bgm8c(mo ^r`hfypogŁvM;`
gcPR Nm8c#`hMPR6Q 0`bMPRUŁ8R*m_w_R4^rgjx*^6ª
LNMR6^hRUpofbRUxdfh8R6^@MPgjxyMm_x*po\Unam8gc#`bMPR*gfu2mvgc;`b^pomvcPŁ^hMPm8fr`bR6^r`

×

 
	ﬀﬁﬃﬂ !#"
~]
u¥p&`hM¥^*ª@ÄU^b^hdPQ#gcPŁ`bMPRQ#pvcPg§mvjw(gj^NxmvQ#up8x¦`4Ppoc]\#`amu2mvgc8`y^
x
pocw
y
x*poc!¥Rx*mvcPcR6x¦`bR6w(g©`bMﬃp
Ł8R*m_w_R4^rgjxUMm8^hR­R*cŁo`hM.gj^
d(x, y)
ª

 
 
 ﬀ

ﬀ :?  
R`
x
2Rpu2mvgc;`Nmv
pQqpocPg§mvjw
M
pocw
~xy
p8R6x¦`bmvfNmo`bpvcPŁvR6c8`^hupvx*R
TxM
p&``hM¥p&`tu2mvgc8`4ª 
R
]cPm&±´`bMPgcPE`hmF^hR6xm8cwmvfyw_R6fw_g 'CR*fbR*c;`bgpv R6i;dpo`hgmvc^ﬁ`hMPR6mvfb\_³W`bMp&``hMPR6fhRqR*»_g^r`b^mvcPR(pvcwEmvcP\
m8cPRŁvR*m_w_R4^rgjx^a`ypofh`hgcPŁ!po`
x
pvcwFg`hM
~xy
p8^­p(`bpvcPŁvR6c;`­8R6x¦`bmvf4ªLNMPgj^ﬁpom&t^U`hm.w_R6vR*mvu
M
mvc
`ypocPŁ8R*c;`^ru¥pvxR
TxM
±§gQqpoŁ8gcPR#fbmvgcPŁ¤p¤^huPMPR*fbRqpomvcPŁ.g`b^`ypocPŁ8R*c;`^hupvx*R#po`ŁvgvR6cu2mvgc;`y³q±§¬Łª

 
³¦ª@LNMPRWŁvR6m]wPR6^hgx6^@Łvm8gcPŁ`bMPfbmvdPŁ8M#`hMPRWfhR*§R*fbR*cx*Rtu¥m8gc;`pvfhRt`hfypoc^r§mvfbQ#R6wgc!p^a`bfbpvgŁ8M;` gcPR4^ poc¥w
`bMPRw_gj^a`ypocx*RﬁpomvcPŁ`hMPR4^rRﬁŁ8R*m_w_R4^rgjx*^NpofbRﬁxm8c^rR6fh8R6w¹ª
LNMR¤§dPcx`hgmvc MPgjxyM xm8fhfbR6^hu2mvcwP^q`hmR4pvxyM vR4x¦`hm8f
~xy
mo`ypocPŁ8R*c;`!^hupvx*RvN`hMRµu2mvgc8`
y
mvﬁ`hMPR
QqpvcPg©§m8wfhR4pvxyMPR4wpo´`hR6fpﬁdcPg©``hgQ#RU]\`hMPRWŁvR6m]wPR6^hgxt^r`bpvfhgcPŁpo`
x
pocwqg`hM(`hMPgj^ `bpocŁvR*c;` 8R6x`hmvf
gj^x*pvR6w(`hMR
  B
 B	ﬂ 
ﬁ ﬂ  (
y = expx()
ªLNMPg^§dcx¦`bgm8c.x6pofbfhgR6^mvdP`Upm_x*pv«w_g 'CR*m8Q#mvfbuPMPgj^rQ
mv`ypocPŁ8R*c;`t^rup8xR
TxM
mvc
M
ª
LNMPRgc;8R*fy^rRqmvN`hMPR!R»_u¥m8cPR*c;`bgpvlQqpou«
`hMRm8Ł8pvfhg`hMPQ#gjx#Qqpou80
~xy = logx(y)
x*mvfbfhR4^ru2mvc¥wP^­`hm
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^r`hfbdx`hdPfbRmoﬂvR6x`hm8ft^rup8xRmo
TxM
`hmx*pvfhfb\m8d_`tmvdPftx6pojxdPjp&`bgm8c^Ng8RﬁR]cPm& `hmw_m#g`6ª 
°g`hM
`bMPfbmvdPŁ8M`bMPRq`am¤§dPcx`hgmvc^MPgjxyM,RM¥p¸vRnad^r`^hR*R*c
g`gj^u2m8^b^rgPRq§mvfd^ﬁ`bmFŁvR6cPR*fypog-.6R#`hMPR
m8u¥R6fbpo`hgmvc^ﬂmv«pvwPw_g`hgmvcpvcw#^rd_`hfypvx`hgmvc`hmstgR6Q#pvcPcPgjpocqQqpocg©§m8wP^6ªﬂLNMPRUw_gºxdP`a\gj^@`bmfbR*Qqpogc
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m8cﬃ`hMPRQ#pvcPg§mvjw(§m8fWpvc;\!mvu2R*fyp&`bgm8c«ªLNMR§mvm&gcPŁ#`bpvPR^rMm&t^t^rm8Q#Rﬁpv^hgxm8u¥R6fbpo`hgmvc^tmoﬂ`hMPR
8R6x`hmvf^hupvx*R6^pvcw`bMPR*gftxm8fhfbR6^hu2mvcw_R6cxR4^gc¤sgR*QqpoccPgpvc!Ł8R*m8QR*`hfb\0
7
R6x¦`bmvft^hupvx*R sgR*QqpoccPgpvc.Q#pvcPg§mvjw
~xy = y − x ~xy = logx(y)
y = x + ~xy y = expx( ~xy)
dist(x, y) = ||y − x|| dist(x, y) = || ~xy||x
LpvPR 0@sR*gc;`hR6fhuPfbR`yp&`bgm8c!mv
pvww_g©`bgm8c¤pocwﬃ^rm8d^r`hfypvx¦`bgm8c(m8cﬃpqsgR*QqpvcPcPgjpocﬃQ#pvcPg§mvjw¹ª
LNMPR4^rRﬁ¥pv^hgx­mvu2R*fyp&`bgm8c^g«R6cpoPRd^N`bmqŁvR*cR*fypog-.6RWg`hMﬃ`hMRsgR6QqpocPgjpocﬃQqpocPg§mvjwP^Qqpoc]\
pvŁ8mvfbg©`bMPQq^ﬁfbR6^hR*fbvR6wEdPc;`bg`hMPR6fhR§mvf`bMPR(8R6x`hmvf^ru¥pvxR4^*ª¤·¢Q#uPR*Q#R6c8`yp&`bgm8c,motmvŁ8pvfhg`hMQgjxqpoc¥w
R*»_u¥m8cPR*c;`hgjpoﬂxyMpvfr`y^Wgj^W`hMPRvR6\¤mol`bMPgj^ŁvR*cR*fypog-.4p&`hgmvcF^hgcxR#poﬂŁvR*m8Q#R`hfbgjx*po
mvu2R*fyp&`bgm8c^­x*poc¥R
R*»_uPfhR4^h^hR6w!^a`ypofh`hgcPŁ§fhm8Q `hMR6^hRﬁmvu2R*fyp&`hgmvc¥^*ª
LNMPgj^N^rR4x¦`bgm8cmvc(`hMPR­fhR6gc;`bR*fbuPfhR*`bpo`hgmvc#mo«`bMPR­pv^hgxUmvu2R*fyp&`bgm8c^luPdP`b^Np`bR*fbQ p&``hMPR­fhR4x*pvj^lm8c
`bMPRw_g-'2R6fhR6c;`hgjpo@QqpocPg§mvjwP^ﬁpvcwF`bMPRsgR*QqpoccPgpvcŁ8R*m8QR*`hfb\vª·¢cE`hMPR#§m8m&gcŁﬃ^hR6x`hgmvc«R#g
^hR*Rt`hMPR­xmvc¥^a`bfhdx`hgmvcqmvpsgR*QqpocPcgpvcQ#R`hfbgjxo8`hMPRWŁvR*m_w_R4^rgjx*^pocw#R*»_u¥m8cPR*c;`hgjpoCpoc¥w#m8Ł8pofbg`hMPQ#gjx
xyM¥pofh`b^§mvf`hMPRµ^hup8xR¤mo`bMPR¤`hR6c^hmvfy^#MPgxyM RFgtd¥^rR¤`bmw_R¬¥cPRµpfbgŁ8mvfbmvd^Qqp&`bMPR*Qqp&`bgx6po
§fypoQ#R6m8fh`hmqM¥pocw_R­`hMPgj^N`a\]u2RﬁmoQqpo`hfbgx*R6^6ª
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R`Ud¥^tcPm& §m_xd^Umvc.`hMR^ru¥pvxR
Sym+n
mo@u2m8^hg©`bg8Rw_R¬¥cPg©`bR^h\;Q#Q#R`bfhgjxﬁQqp&`bfhgjxR4^±´`bR*c^hmvfy^y³¦ªN· `b^
mvfh`hMﬃ`bmcPmo`bgx*R`hMpo`U`bMPR^hupvx*R
Sym+n
2po`hMPm8dPŁvM¤p^hdP_ ¢^rR*`tmolpq8R6x¦`bmvft^hupvx*Rv¥g^UcPmo`Wp#8R6x`hmvf
^hup8xRv¹ª Rvª Łª]`hMRﬁcPR*Ł;p&`hgmvc!mo@pu¥m;^rg`hgvR*  w_R*¬cPg`hRQqp&`bfhg»(gj^cPmo`u2m8^hg©`bg8R ¢w_R¬¥cPg©`bRvª
LNMRŁ8m8po;gj^`bmU¬¥cwp­sgR*QqpocPcgpvcQ#R`hfbgjx g`hMgc;`bR*fbR6^r`hgcPŁUR6cPmvdPŁ8MuPfbmvu2R*fh`hgR6^6ª«· `ﬂ`hdfhc^
m8d_``bMp&`
g`lgj^@u¥m;^h^hgPRN`bmﬁfhR4i;dPgfbRpoc#gc;&pvfhgjpocx*RN;\`hMPR§d¥gcPR6pvf@ŁvfbmvdPu.±HZ_R6x¦`bgm8c Wª ~ª
 
³ªﬂLNMg^@R6p8wP^
`hmp
8R*fb\#fhR6ŁvdPjpofQqpocPg§mvjw!^r`hfbdx`hdPfbRWMR*fbRU`bR*c^hmvfy^ g`hMﬃc]dP«pocw!gcP¬cPg`hRR*gŁvR6c;&pvdPR4^pvfhR­2mo`hM.p&`
pvc¤gcP¬cPg`hRwPg^r`bpvcxRmv poc]\(u2m8^hg`hgvRw_R*¬cPg`hR^r\]Q#Q#R`hfbgjxﬁQqp&`hfbg»0`hMRxm8cPRmvﬂu2m8^hg`hgvRw_R*¬cPg`hR
^h\]Q#QR*`hfbgxQqpo`hfbgx*R6^tgj^tfbR*up8xR6wﬃ]\.pq^rup8xRMgxyM¤Mp8^tpoc¤gc_¬cg©`bRw_R6vR*mvuQR6c;`tgc¤R4pvxyM¤mo@g`b^
n(n+1)/2
w_gfhR4x¦`hgmvc¥^*ªﬂV¤mvfbR*m&8R*f4&`hMR*fbRtg^mvcPRWpocwqm8cP\m8cPRUŁ8R*m_w_R6^hgjx
namvgcPgcŁpoc]\`am`hR*c¥^rm8fb^6ª
LNM]d^6&`bMPRt^a`bfhd¥x¦`hdfhRRNm8_`bpvgcg^lvR*fb\xm8^hR`hmp­vR4x¦`hm8f@^rup8xR8&R»PxR6u_`@`hMpo`ﬂ`hMPRt^hupvx*RNg^@x*dPfh8R6w¹ª
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R`d^xm8c^rgjw_R6fU`bMPR§m8m&gcPŁ!p8x¦`hgmvcmol`bMPRgcPR6pvfŁvfbmvdPu
GLn = {M ∈ Mn∗n/det(M) 6= 0}
m8c(`bMPR`hR6c^hmvft^hupvx*R
Sym+n
0
A  Σ = AΣAT ∀A ∈ GLn
poc¥w
Σ ∈ Sym+n
±Io8³
LNMPgj^pvx¦`bgm8cqg^ cp&`bdPfypo\R»]`hR6cw_R4w#`hmﬁ`ypocPŁ8R*c;` 8R6x¦`bmvfy^0g©
Γ(t) = Σ+ tW +O(t2)
g^pxdfh8R
u¥pv^b^rgcPŁp&`
Σ
g©`bMq`bpvcPŁvR6c8`vR6x`hm8f
W
v`bMPR*cq`bMPRWx*dPfbvR
AΓ(t) = AΣAT +O(t2)
u¥pv^b^rR4^ﬂ`hfbmvdPŁ8M
×× Í
@BADC EDE
~
DD (-ﬂ	
A  Σ
g©`bMﬃ`bpocŁvR*c;`vR4x¦`bmvf
A W
ª
®mvm&gcPŁ *
 
6, Ppoc]\qgc]&pofbgjpoc;`NwPg^r`bpvcxR­mvc
Sym+n
vR6fhg¬R6^
dist(A Σ1, A Σ2) = dist(Σ1, Σ2)
ª
ÃMm;m;^rgcPŁ
A = Σ
−1/2
1
PRﬁx6pocﬃfhR4w_dxR`bMPgj^`hmpu^hR*dw_mv IcmvfbQﬃ]m8ftw_g^r`bpvcxR­`bmqgw_R6c;`hg`a\ 0
dist(Σ1, Σ2) = dist(Id, Σ
−/2
1 Σ2Σ
−/2
1 ) = N(Σ
−/2
1 Σ2Σ
−/2
1 ).
±I
 
³
VFmvfbR*m&vR6f6&p8^ﬂ`hMPRgc]&pofbgpvcxRNMp8^
`hmﬁMPm8w§mvfpoc]\ﬁ`hfypoc¥^a§m8fhQqp&`bgm8c«
N
^hMPmvdPjw¥Rgc]&pofbgpvc8`@dPc¥w_R*f
`bMPRpvx`hgmvcﬃmo`hMPRﬁgj^rmv`hfbmvu]\qŁvfbmvdu
H(Id) = On = U ∈ GLn/UUT = Id
0
∀U ∈ On, N(UΣU
T ) = N(Σ).
±H8v³
TW^rgcPŁ`hMPR^ru2R6x`hfypow_R6x*mvQ#u2m8^hg©`bgm8c
Σ = UD2UT
Wg©`.g^ﬃR4pv^h\`bm^hR*R`hMpo`
N(Σ)
M¥pv^(`hm ¥R
^h\]Q#QR*`hfbgx@§dPcx¦`bgm8cmv_`hMPRR*gŁvR*c]&podPR4^*ªVFmvfbR*m&vR6f6*`hMPR^r\]Q#Q#R`bfh\mo_`bMPRwPg^r`bpvcxR
dist(Σ, Id) =
dist(Σ, Id)
gQu2m8^hR6^`bMp&`
N(Σ) = N(Σ−1)
ª@LNM;d¥^*vp­Ł8m;m_wx*poc¥w_gwp&`hRNgj^
`hMPRt^hdPQ¯mv¥`bMPR^hi;dpvfhR4w
mvŁ;pofbg©`bMPQq^mo`bMPRﬁR*gŁvR6c]¸pvdR6^ﬃ0
N(Σ2) =
∑
i=1,n
(log(λi))
2.
±Io}8³
LNMg^ 2acPm8fhQ 3vR*fbg§\(]\ﬃx*mvc^r`hfbdx`hgmvcﬃ`hMPR^r\]Q#Q#R`hfb\.pocw.u2m8^hg©`bg8R*cPR4^h^6ª
N(Σ) = 0
gQ#uPgR4^`hM¥p&`
λi = 1
±²pvcwExmvc]8R*fy^r\P³¦«^hm(`bMPRq^rR6upofyp&`bgm8cµp&»_gmvQ¶gj^vR*fbg¬R6w¹ª5&tm&R*8R*f42R#w_m.cPm.;cm& poc]\
^hgQuRuPfbm;mv mo `hMPR`hfbgjpocPŁ8RgcPR4i;dpog©`a\8¹MPgjxyM^hMPmvdPjwFfbR6p8w
N(Σ1 + Σ2) ≤ N(Σ1) + N(Σ2)

R6vR6c!g
Rﬁx*pvc!8R*fbg©§\g`tR»_u2R*fbgQ#R6c8`ypo\8ª
!½
_ @
LNMPRF`ypocPŁ8R*c;`!^hupvx*RFmo
Sym+n
g^`hMPRE^rup8xRFmv^r\]Q#Q#R`hfbgjxFQqp&`bfhgjxR4^
Sym(n)
ª
·¢c¥w_R*R4w¹2^hgcxRﬁ`bMPRŁ8fhm8dPu¤pvx¦`bgm8c
φA : Σ → AΣAT
g^UgcPR6pvf6¥g©`y^WwPR*fbg&p&`bg8RﬁQqpou«Cw_R*cmo`hR4w
dφA

gj^tŁ8g8R*c.]\
dφA = AXA
T ªN·  X ∈ Sym(n)
¥g©`­g^R4pv^h\(`bm^rR6Rﬁ`hM¥p&`
dφA
g^WpoŁ;pogc.pq^h\]Q#QR*`hfbgx
Qqpo`hfbg©»¹ª@LNM]d^`hMPR`ypocPŁ8R*c;`t^ru¥pvxRﬁpo`Upoc]\qu¥m8gc;`
Σ ∈ Sym+n
g^pv^hmR4i;dPg&pvR6c8``bm
Sym(n)
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ÄUcPmo`bMPR*fNNp¸\#`hm#w_R`bR*fbQ#gcPR­`bMPRgc]&pofbgpvc;`w_gj^a`ypocx*Rg^`hMfhm8dPŁvM(`hMPRﬁsgR*QqpoccPgpvc!Q#R*`hfbgxvª R`d^
`ypo8RU`bMPRQm;^a`^hgQ#uPRﬁ^hx6pojpofuPfhm_w_d¥x¦`mvc(`hMPR­`bpvcPŁvR6c;`N^hupvx*R­po`N`hMPRgjw_R*c;`hg`a\Qqp&`bfhg»<0g
W1
poc¥w
W2
pofbR`bpvcPŁvR6c;`WvR4x¦`bmvfy^±§gIª Rvªﬁ^r\]Q#Q#R`bfhgjxQqpo`hfbgx*R6^6¥cPmv`­cR6xR4^h^bpofbg\.w_R¬¥cPg©`bRcmvf­u¥m;^rg`hgvR¸³¦CR
wPR¬cPR`bMPR^bx*pvpvfufhm_w_dx`ﬂ`hm­¥R`hMRN^r`bpvcwPpvfbwﬁQqpo`hfbg©»^bx*pvpvfuPfbm_w_dx`
〈W1|W2〉 = Tr(W T1 W2)
ª
LNMg^^hx6pojpof@uPfbm_w_dx¦`g©«m8;]gmvd^h\gc;&pvfhgjpoc;`@]\`bMPRUgj^rmv`hfbmvu]\Ł8fhm8dPu
On
ª@Stm&ﬁ;g©
W1
poc¥w
W2
pofbR
`am!`bpocŁvR*c;`vR4x¦`hm8fb^­p&`
Σ
«R#fhR4i;dPgfbR`bMPR*gf^bx*pojpof­uPfbm_w_dx¦``bmﬃ2R#gc]&pofbgjpoc;`­]\.`bMPRpvx`hgmvcµmv
pvc]\`hfypoc¥^a§m8fhQqp&`bgm8c80
〈W1|W2〉 = 〈AW1|AW2〉AΣ
ª@LNMPgj^ ^hMPmvdw2Rt`hfbdPRtgcqupvfr`bgx*dPpvfﬂ§mvf
A = Σ−1/2
¥MPgjxyMµpvm&t^d^U`hmﬃw_R¬cR`hMR^bx*pojpofUuPfhm_w_d¥x¦`Wpo`­poc]\
Σ
§fhm8Q'`bMPR^bx*pvpvftuPfbm_w_dx¦`
po`N`hMPRﬁgjw_R*c;`bg©`a\0
〈W1|W2〉Σ = 〈Σ
−1/2W1Σ
−1/2|Σ−1/2W2Σ
−1/2〉Id = Tr(Σ
−1/2W1Σ
−1W2Σ
−1/2)
±I&~;³
$
R6m_w_R6^hgx6^m8c `hR6c^hmvf(QqpvcPg©§m8w ŁvmvgcPŁ,`bMPfbmvdPŁ8M
Σ
g©`bM `ypocPŁ8R*c;`!8R6x¦`bmvf
W
^hMPm8dPw Mp¸vRµ`hMPR
§m8m&gcPŁ§m8fhQ±²^hR*RﬁkﬂR*cPcR6x­§mvfQ#m8fhRw_R`ypog^y³D0
Γ(Σ,W )(t) = Σ
1/2exp(tΣ−1/2WΣ−1/2)Σ1/2
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ÄW^pŁ8R*cPR6fbpv&uPfbmvu2R*fh`a\UmoPsgR*QqpvcPcPgjpocﬁQqpocPg§mvjwP^66Ł8R*m_w_R4^rgjx*^¹fbR6pvg/.*RlpNm_x*pv8w_g-'2R6mvQ#mvfbuPMPgj^hQ §fbmvQ
`bMPR`ypocPŁ8R*c;`W^hupvx*Rp&`pqŁvgvR6c¤u¥m8gc;`­mo@`hMRQqpocPg§mvjwﬃ`hm(`hMPRQqpocPg§mvjw<0
Γ(Σ,W )(1) = expΣ(W )
p8^h^hm_xgjp&`bR6^`bm(R4pvxyM¤`ypocPŁ8R*c;`UvR4x¦`bmvf
W ∈ TΣSym+n
p(u¥m8gc;`mo@`bMPRQqpvcPg©§m8w«ª­LNMPgj^­QqpouPuPgcPŁ!g^
x6poR4w#`hMRWR*»]u2mvcR*c;`hgjpoCQqpou«]2R6x6pod^hRUg`Nx*mvfbfhR4^ru2mvc¥wP^@`bm`bMPRWd¥^rdpv¥R*»_u¥m8cPR*c;`hgjpo2gc!^hmvQ#RWQqpo`hfbg©»
Ł8fhm8dPu^6ª
LNMg^gj^NR»Pp8x¦`h\m8dPftx*p8^rR­§mvfN`bMPRﬁR»_u2mvcPR6c;`hgjpo¹Qqpou.pofbmvdPc¥wq`hMRﬁgw_R6c;`hg`a\ 0
&Um&R6vR*f4¸`hMRtsgR6QqpocPcPgjpocR»_u2mvcPR6c;`hgjpo_Qqpouqpv^b^hm]x*gpo`hR4wﬁ`hmﬁm8dPfﬂgc]&pofbgjpoc;`@QR*`hfbgxMp8^lp­Q#mvfbR
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